Effective non-vanishing of global sections of 
multiple adjoint bundles for polarized 4-folds *++ 
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\ Abstract 

(N ■ Let X be a smooth complex projective variety of dimension 4 and let L be an ample line 

bundle on X. In this paper, we study a natural number m such that h°(m(Kx + L)) > for 
any polarized 4-folds (X, L) with k(Kx + L) > 0. 

■ 1 Introduction 

Let X be a smooth projective variety of dimension n defined over the field of complex numbers and 
let L be an ample (resp. nef and big) line bundle on X . Then the pair (X, L) is called a polarized 
(resp. quasi-polarized) manifold. 

Then there are the following conjectures. 

' Conjecture 1 (i) (Ionescu |25L Open problems, P.321]) Let (X,L) be a quasi-polarized 

manifold of dimension n. Assume that K x + L is nef. Then h°(K x + L) > 0. 

(ii) (Ambro [1, Section 4], Kawamata |22L Conjecture 2.1]) Let X be a complex normal 
variety, B an effective R-divisor on X such that the pair (X, B) is KLT, and D a Cartier 



divisor on X . Assume that D is nef , and that D — (Kx + B) is nef and big. ThenhP(D) > 0. 

These conjectures have been studied by several authors (see [55], [5], [TS], [TS], [5], [7], [II])- 
In particular it is known that Conjecture [1] (i) is true if dimX < 3, and Conjecture [T] (ii) is true if 
dimJf < 2. 

Here we note that if K x + L is nef, then by |26] there exists a positive integer m such that 
h°(m(Kx + L)) > 0, that is, n(Kx + L) > 0. So, as a generalization of Conjecture Q] (i), it is 



natural and interesting to study the following problem, which was proposed in [151 Problem 3.2]: 

Problem 1 For any fixed positive integer n, determine the smallest positive integer p, which de- 
pends only on n, such that the following (*) is satisfied: 

(*) h°(p(Kx + L)) > for any polarized manifold (X, L) of dimension n with k(Kx + L) > 0. 

The aim of this paper is to study Problem [T] It is known that p = 1 if X is a curve or surface 
(see [ini Theorem 2.8]). For the case of n = 3, in [TH] Theorems 5.1 and 5.2], we proved p < 2. 
Concretely, in [T7J Theorem 5.4 (2)] or [TS] Theorem 5.2], we proved that if k(Kx + L) = 3, 
then h°(2(K x + L)) > 3. Moreover in QH Theorem 5.1], we proved that h°(K x + L) > if 
< k(Kx + L) < 2. Moreover by using a result of Horing ([3U 1.5 Theorem]) and the adjunction 
theory, we can get p = 1 if dimX = 3. Therefore Problem Q] was completly solved for the case of 
dimX = 3. 
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So, as the next step, in this paper, we will treat the case of dim X = 4. The main result of this 
paper is the following. 

Theorem 1 Let (X, L) be a polarized manifold of dimension 4. Assume that k[Kx + L) > 
holds. 

(a) If < k(Kx + L) < 2, then h (2m(Kx + L)) > holds for every integer m with m > 1. In 
particular h°(2(K x + L)) > 0. 

(b) // k(Kx + L) = 3, i/ien h (2m(Kx + £)) > /io/ds /or every integer m with m > 2. In 
particular h Q (£(Kx + L)) > 0. 

(c) // k(Kx + L) — 4, i/ien h°(2m(Kx + £)) > Zio/ds /or every integer m with m > 3. 
particular h°(6(K x + L)) > 0. 

(d) > 0, i/ien 

h\2m{K x + L)) > (w - 1)(m - 2 1 ) 2 (m2 + 3m + 6) + 1 

/or every integer m > 2. in particular h a (4(Kx + i)) > 0. 

By using the adjunction theory of Beltrametti and Sommese, Theorem [T] is obtained from the 
following result, which will be proved in this paper (see Theorems 13.21 [331 13.41 13.51 and 13. 6[) . 

Theorem 2 Let (X, L) be a polarized variety of dimension 4 such that X is a normal Gorenstein 
projective variety with only isolated terminal singularities. Assume that Kx + L is nef. 

(a) If < k(Kx + L) < 2, then h a (m(Kx + L)) > for every integer m with m > 1. 

(b) If k(Kx + L) = 3, then h (m(Kx + L)) > for every integer m with m > 2. 

(c) If k(Kx + L) = 4, then h (m(Kx + L)) > for every integer m with m > 3. 

(d) If k(X) > 0, then 

h\m {Kx + L)) > (m - 1)(w - 2 i ) 2 (m2 + 3m + 6) + 1 

/or every integer m > 2. In particular h°(2(Kx + L)) > 0. 

Here we note that recently Arakawa 2, Theorem 1.5] proved that h°(m(Kx + L)) > for any 
polarized n-folds (X,L) such that Kx + L is nef, and for every integer m with m > (n(n+l)/2)+2. 

In this paper, we shall study mainly a smooth projective variety X over the field of complex 
numbers C. We will employ the customary notation in algebraic geometry. 

2 Preliminaries 

Definition 2.1 (1) Let X (resp. Y) be an n-dimensional projective manifold, and let C (resp. A) 
be an ample line bundle on X (resp. Y). Then (X, C) is called a simple blowing up of (Y,A) if 
there exists a birational morphism 7r : X — > Y such that 7r is a blowing up at a point of Y and 
C = ft* (A) — E, where E is the exceptional divisor. 

(2) Let X (resp. M) be an n-dimensional projective manifold, and let C (resp. A) be an ample 
line bundle on X (resp. M). Then we say that (M, A) is a reduction of (X, C) if (X, C) is obtained 
by a composite of simple blowing ups of (M,A), and (M,A) is not obtained by a simple blowing 
up of any polarized manifold. The morphism /i : X — ¥ M is called the reduction map. 
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Definition 2.2 Let (X, C) be a polarized manifold of dimension n. We say that (X, C) is a scroll 
(resp. quadric fibration, Del Pezzo fibration) over a normal projective variety Y with dim Y = m if 
there exists a surjective morphism with connected fibers / : X — > Y such that Kx + (n — m+ 1)C = 
f*A (resp. Kx + (n — m)L = f*A, Kx + {n — m — 1)£ = /*.A) for some ample line bundle A on 

y. 

Remark 2.1 If (X, £) is a scroll over a smooth curve C (resp. a smooth projective surface S) 
with dimX = n > 3, then by (3.2.1) Theorem] and [U Proposition 3.2.1] there exists an ample 
vector bundle £ of rank n (resp. n — 1) on C (resp. 5) such that (X,£) = (Vc(£), H(£)) (resp. 
(V S (£),H(£))). 

Here we give the definition of the ith sectional geometric genus of multi-prepolarized varieties. 

Notation 2.1 Let X be a projective variety of dimension n, let i be an integer with < i < n — 1, 
let Li, . . . , L n _j be line bundles on X and let J 7 be a coherent sheaf on X. Then ^(i* 1 ®- • -®L l ™Zi <8> 

J 7 ) is a polynomial in £i , . . . , t n ~i of total degree at most n. So we can write xij^x ® ■ • • ®L™Zl ®F) 
uniquely as follows. 

EST IT T T\( tl+ P l ~ l \ (tn-i + Pn-i ~ l\ 

PiH hp„-;=p 

Definition 2.3 Let X be a projective variety of dimension n, let i be an integer with < i < n— 1, 
let Li, . . . , L n ^i be line bundles on X and let J 7 be a coherent sheaf on X. 

(1) For every i £ Z with < i < n, we set 

!Xl, ... ,1(^1, •■■> L n -f, if < i <n-l, 

X{F) if « = n. 

(2) For every i € Z with < i < n, the it/i sectional geometric 
defined by the following: 

Sj (A' 1 Li > ... J .L w _ i ;.F) = (-l) i (xf(X,L 1 ,...,L„_ l )-x(^)) 

n— z 

+ ^(-i)"- i - i /i n -J(J r ). 

Definition 2.4 Let X be a projective variety of dimension n, let i be an integer with < i < n— 1, 
and let Li, . . . , L n _i be line bundles on X. Then we set 



xf(X,ii,. 


• • i Li-fi—i) 


■= X?(X,Li, 


■ ■ , Ln-i] Ox 


gi(X,Li, . 


• • i Ln — i) 


:= gi(X,Li,.. 


■ , Ln-i] Ox), 


pi(X,L u . 


• • i -^n — i) 


■■= pUx,l u . 


■ , L n -i', Ox) 



Remark 2.2 (1) We can prove that X P1 ,..., p „_ i (ii, • • • , L n -i\ J 7 ) is an integer for every non- 
negative integers p\, . . . ,p„-i with < pi + ■ ■ ■ + p n ~i < n. So in particular we see that 
5i(X, Li,..., L n -i\ F) is an integer. 

(2) If i = 0, then g (X,L x , ...,L n )=L 1 - ■ ■ L n . 
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(3) If Li = ■ ■ ■ = L n -i = L, then g%{X, L, . . . , L) = gi(X,L). (Here gi(X,L) denotes the ith 

n—i 

sectional geometric genus of (X, L) (see [HI Definition 2.1]).) In particular, if i = n — 1, then 
g n -i(X, Li) in Definition 12.41 is equal to the (n — l)th sectional geometric genus of (X, L\) 
in [HI Definition 2.1]. 

(4) If i = n, then g n (X) = h n (O x )- 

(5) xf '{X,L\, . . . ,L n _i]J-) in Definition 12. 31 (1) is called the ith sectional H -arithmetic genus of 
(X, Li, . . . , L n -i- 

(6) Let X be a smooth projective variety of dimension n and let £ be an ample vector bundle 
of rank r on X with 1 < r < n. Then in [12| Definition 2.1], we defined the ith c r -sectional 
geometric genus gi(X,£) of (X,£) for every integer i with < i < n — r. Let i be an 
integer with < i < n — 1 and let Li, . . . ,L n —i be ample line bundles on X. By setting 
£ := L\ © • • • © we see that £) = gi(X, L\, . . . , 

Proposition 2.1 Let X ie a projective variety of dimension n and let i be an integer with < 
i < n — 1. Le£ A, £?, Li, • • • , L n _j_i 6e line bundles on X . Then 

gi(X,A + B,Li,---,L n -i-i) 

= gi(X, A, Li, • • • , L n _i_i) + <?j(X, B,Li, - ■ ■ , L n _j_i) 
+ 5l „ 1 (X,A,B,i 1 ,---,i„_ J _ 1 )-/ l l - 1 (O x ). 

Proo/. See [M Corollary 2.4 and Remark 2.6]. □ 

In [TTJ Theorem 5.1] we obtained the following equality under the assumption that X is smooth. 
But by the same argument as in the proof of T71 , we can also prove this equality if X is a normal 
Gorenstein projective variety with dim X — n > 2 such that X has at most terminal singularities 
because the Serre duality and the Kawamata-Viehweg vanishing theorem hold in this case. 

Theorem 2.1 Let X be a normal Gorenstein projective variety with dimX = n > 2 such that X 
has at most terminal singularities, let L\, ■ ■ ■ , L rn be nef and big line bundles on X and let L be a 
nef line bundle, where m > 1. Then 

h°(K x + Lx + ■ ■ ■ + Ua +L)- h°(K x +L 1 + --- + L m ) 

= gs(x, L kl , ■ ■ ■ ,Lk n _ B _ 1 , l) 

s=0 (k 1 ,-,k n -,-i)eA^_ a _ 1 
s=0 v 7 

Here A^ := {(fci, • • • , k t ) \ k\ £ {1, • • • ,p}, hi < kj if i < j}, and we set 



^2 9s(X,L kl7 - ■ ■ ,L kn _ s _ 17 L) = l 

Am V 



(fci,— ,fe„- a -i)eA™_ 8 _ 1 



if n — s — 1 > m, 

g n -i{X,L) ifs = n-l. 



Definition 2.5 Let (jj) be an assumption of polarized varieties (X,L). For any fixed positive 
integer n, we set 

Pn(tt) := { (X,L) : polarized variety | dimX = n, (X,L) satisfies ((j) 

and k(K x + L) > 0} , 
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(it) : = { ( X , L ) ■ polarized variety | dimX = n, (X, L) satisfies (ft) 

and Kx + L is nef} , 



M n {$) ■= { r S N | /i°(r(^x + L)) > for any {X, L) G 7> n (jj)} , 

M n {f) + := { r e N | h°(m(K x + L)) > for any m > r and any (X, L) G 7>„(tt)} , 

.M* EF (tt) := { r G N | h°(r(K x + L)) > for any G ^ EF (tt)} , 

X^ EF (tt)+ := { r G N | h°(m(K x + L)) > for any m > r and any (X, L) G 7>£ EF (tl)} 

minX„(tt) ifA4„(tt)^0, 
oo ifA4 n (tt) = 0. 



m r; 



m!| EF ( 



NEF/ 



minX„(tt)+ ifM„(t))+^0, 

oo ifM n ((t)+=0. 

minMf F (|) ifXr F (tt)^0, 

oo XM? l EF ($)=<b. 

mm^f F (f)+ ifMNEF (tt)+/ 



"'» ' [:! ' '~ 1 oo if^ EF (w -v. 

Remark 2.3 Here we note that the following inequality hold. 



m„(if) < m r; 



mf F (i) < ^ EF (tt) + , 



NEF / 



Lemma 2.1 Lei X be a complete normal variety of dimension n, and let Di and D 2 be effective 
Cartier divisors on X. Then h°(D 1 + D 2 ) > h°{Di) + h°{D 2 ) - 1. 

Proof. See [H Lemma 1.12] or [MJ 15.6.2 Lemma]. □ 

Lemma 2.2 Let p and q be positive integers such that p and q are coprime. Then for any integer 
I with I > (p — l)(q — 1), there exist non-negative integers i and j such that I = pi + qj . 

Proof. We note that there exists a pair of integers (a, (3) such that pa + q/3 — I. Then we can 
easily see that any integers x and y which satisfy px + qy — I can be expressed as x — a + qm and 
y = f3 — pm, where m is an arbitrary integer. In particular there exists a pair of integers (xi, j/i) 
with px\ + qyi = I and < xi < q. If j/i > 0, then we get the assertion. So we may assume that 
yi < 0. Then I — px\ +qy± < px\ —q< p(q— l)—q = (p— l)(q — 1) — 1- But this is a contradiction 
because we assume that I > (p — l)(q — 1). □ 



Lemma 2.3 Let X be a smooth projective variety of dimension n > 4 and let V be a normal 
projective variety of dimension n > 4 with dimSing(V) < n — 4. Let tt : X —¥ V be a birational 
morphism such that JT\7r -1 (Sing(T^)) = y\Sing(V r ). Let E be a w- exceptional irreducible and 
reduced divisor on X, A\ and A 2 line bundles on X and Li, . . . ,L n - 3 fee bundles on V. Then 
EAiA 2 (ir*(L 1 ))---(ir*(L n - 3 )) = 0. 

Proof. By [231 Proposition 4 in section 2, chapter I], we have 

EA 1 A 2 (n*(L 1 )) • • • (7r*0L„_ 3 )) = {A 1 \ e ){A 2 \ e ){-k* {Lx))\ E ■ ■ ■ (n*(L n _ 3 ))\ E . 
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On the other hand, since dimSingT^ < n — 4, we have dmm(E) < n — 4. Here we set Z := tt(E). 
Then 



{A^iA^^iL^U ■ ■ ■ (n*(L n _ 3 ))\ E = (AiUX^UXH^rOLiU)) • • • ((7r| B )*(L n _ 3 | z )). 
Here we set 

Then /(ii, . . . , i n -i) is a polynomial of ii, . . . , t n -\ of degree at most n — 1. Let Ci (resp. C%, C3, 
C 4 , C 5 , C 6 ) be the coefficient of i x • • • t n - 3 (resp. ti ■ ■ ■ t n _ 3 t n _ 2 , *i • • • t n - 3 *n-i, <i • • • t n _ 3 ^_ 2 , 

^1 • • • ^ri-3^n-li *1 ' ' ' *n-3*n-2*n-l) m • ■ • > tn-l)- 

Then /(ti, . . . ,i„_ 3) 0, 0) = X (£, ((tt| s )*(£i|z)) Wi <8> • • • ® ((^rO^-slz))®'- 2 ). Here we set 

■ • - ,tn-3) : = f(h, ■ ■ -,t n -3,0,0). 

Then the coefficient of t\ ■ ■ -£ n _ 3 in g{t\, . . . ,^-3) is equal to C\. On the other hand since the 
degree of g(t\, . . . , t n - 3 ) is less than n — 3 (see the proof of [23l Proposition 6 in section 2, chapter 
I]), we have C% = 0. 

Next we consider the polynomial f{t\, . . . , t n _3, 1, 0) (resp. /(ti, . . . , t n -3, 0, 1)). Then the 
coefficient of t% ■ ■ ■ i„_ 3 in f(t x , i n _ 3 , 1 , 0) (resp. /(ti, . . . , < n _ 3 , 0, f )) is G\ + C 2 + C 4 (resp. 
Ci+C 3 + C 5 ). Moreover 

f(h, . . . ,t n - 3 , 1,0) = X (E, ((tt| e )*(LiU))® 41 ® ••• ® ((^| £ )*(L„_ 3 |z)) 8t "- 2 ® (Ax| B )) 

and the degree of this polynomial is less than n — 3. Hence Ci + C 2 + C4 = 0. By the same reason 
as this, we have d + C 3 + C 5 = 0. Therefore C 2 + C 4 = C 3 + C 5 = since C\ = 0. 

Finally we consider /(ti, . . . , tn-3, 1, !)• Then the coefhcient of t\ ■ ■ ■ t n _ 3 in /(ti, . . . , t n -3, 1, 1) 
is d + C 2 + C 3 + C A + C 5 + C 6 . Moreover 

f(h, . . . ,t n - 3 , 1, f) = X (E, ((7r| E )*(£i|x)) Wl ® • • • ® (M £ )*(L„- 3 |z)r"- 2 ® (Ails) ® (A 2 | E )) 

and the degree of this polynomial is less than n — 3. Hence C\ + C 2 + C 3 + C4 + C 5 + C 6 = 0. 
Therefore C 6 = because d = C 2 + C 4 = C 3 + C 5 = 0. 

By above we see that the coefficient of t\ ■ • ■ t n -i in f(t\, . . . , t n -\) is zero. Therefore by the defi- 
nition of intersection numbers (see [33]) we have [A\\e){A2\e)(^\e)* {L\\z) • • • (tt\e)* (L n - 3 \z) = 0. 
Hence we get the assertion. □ 



Lemma 2.4 Let X be a smooth projective variety of dimension n > 4 and let V be a normal Goren- 
stein projective variety of dimension n > 4 with only terminal singularities and dim Sing(y) < n— 4. 
Let 7r : X — > V be a birational morphism such that X\7r _1 (Sing(V)) = V\Sing(V). Let be the 
it -exceptional divisor on X with Kx = tt*{Kv) + E^ and L±, . . . ,L n _ 3 line bundles on V . Then 
c 2 (X)E 7r (n*(L 1 ))---(ir*(L n _ 3 ))=0. 

Proof. Let A\, . . . , A n _ 3 and A be line bundles on X. Then by [TOl Theorem 2.4] we get the 
following. 



(1) xS(X.A, A n -,;A) 



El E ( l , l !lX,/ l'^-t|W4 

k=0 \ (tl ,.., tn _ 3 )eS(n-3)+ yl > V 
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Here we note that 

R (X,A) = 1, 

Rx{X,A) = T 1 {X) + <k{A) 1 = hz l {X) + A, 

R 2 (X,A) = T 2 (X)+ch(A) 1 T 1 (X)+ch{A) 2 

= L {c2{X ) + Cl {X) 2 ) + \ci{X)A + 1 -A\ 

R 3 (X,A) = T 3 (X)+ch(A) 1 T 2 (X)+ch(A) 2 T 1 (X)+ch(A) 3 

= i Cl (X)c 2 (X) + ±(C2(X) + c x {Xf)A + \ Cl (X)A 2 + X -A\ 

Here we put Ai — ir*(Li) for i = 1, . . . ,n — 3. Then by using Lemma 12.31 and the equation (jlj 
above we have 

(2) X " (X, 7r*(Li), . . . , 7r*(L„_ 3 ); 0(E„)) - *f (X, tt*^), . . . , 7r*(L„_ 3 ); Ox) 
= ica(X)£; ff 7r*(Li).-.7r*(L n _3). 

By Graucrt-Riemenschneider's theorem we see that for every i > 1 

= fl i 7r*( 7 r*(K v )+£; 7r ) 
= R 1 t:^{0{E^))®K v . 

Hence R l Tr*(0(E 7r )) = for every i > 1. We also note that -RV^Ox) = for every i > 1 because 
has only rational singularities. So we see that for every integer i with i > we have 

feV(Li) 8 * 1 ® • • • ® ^(i„- 3 ) w - 3 ® 

= ^((ix)®' 1 ® • • • ® (Z„_ 3 )® u - 3 ® tt.(0(^))) 

= ft < ((£i)® tl ®---®(L„-3)® tn - 8 ) 

- ftVC^l)®* 1 ® ■ • • ® 

Therefore 

X^*^)®* 1 ® • • • ® 7r*(L„_ 3 ) w "- 3 55 0{E*)) 
= ® • • • ® 7r*(L n _ 3 ) 0t "- 3 ). 

In particular, we have 

(3) xf(*,7r*(Li),...,7r*(L n _3);0(^)) 

= X f(^,7r*(Li) ) ... ) 7r*(L„_ 3 );Cx). 

So by ([2]) and (|3]) we get the assertion. □ 

3 The case where Kx + L is nef 

In this section, we assume that (X,L) satisfies the following assumption (SRE). 

(SRE): (X,L) is a polarized variety of dimension n such that X is a normal Gorenstein pro- 
jective variety with only isolated terminal singularities. 

Here we note that this condition appears when we take the second reduction of polarized 
manifolds of even dimension. 

First we prove the following proposition. 
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Proposition 3.1 A^ BF (SRE) / 

Proof. Let (X, L) e V^ EF (SKE). Since (m—l)Kx+mL is nef and big for every integer m > 1, 
we have h l (m{Kx + £)) = for every integer i > 1 by the Kawamata-Viehweg vanishing theorem. 
Hence h°(t(Kx + L)) — x(t(Kx + L)) for every integer t > 1. Since x(t(Kx + L)) is a polynomial 
in t of degree at most n, there exists an integer p such that 1 < p < n + 1 and h°(p(Kx +£)) > 0. 
Using Lemma we have ft°((n + 1)\{K X + L)) > for any (A,L) e V^ EF (SRE). Therefore 
(n + 1)! € A4^ BF (SRE) and we get the assertion. □ 

Next we will prove the following theorem. 

Theorem 3.1 Let {X, L) be a polarized variety of dimension n > 4 which satisfies the assumption 
(SRE), and let Y be a normal projective variety of dimension 3. Assume that there exists a fiber 
space f : X —± Y such that Kx + L = f*(H) for some ample line bundle H on Y. Then the 
following hold: 

(1) If h l (Ox) > 1, then h°(m(Kx + L)) > 1 for every positive integer m. 

(2) // ft^Ox) = 0, then h°(m(Kx + L)) > 1 for every integer m with m > 2. 

Proof Let S : T -> Y be a resolution of F such that T \ (T^Sing^)) =Y\ Sing(Y). Then 
there exist a smooth projective variety X' , a birational morphism /i : X' — > X and a fiber space 
f :X' ->T such that fojj, = 6of. 
(1) The case where /i 1 ^) > 0. 

(1.1) First we note that h}(O x ) = /i 1 ^) < ^(Or) < ^(Ojc) = ^(Ox). Hence h^Oy) = 
/i 1 (Ot), and by [27l Lemma 0.3.3] or [U Lemma 2.4.1 and Remark 2.4.2], we see that Y has the 
Albanese map. Let a : Y — >■ Alb(F) be the Albanese map of Y and let h := ao f o fi. 

(a) First we consider the case where dimh(X') = 3. By [3D1 Corollary 10.7 in Chapter III] any 
general fiber Fh of h can be written as follows: Fh = U[ =1 Fi, where Fi is a smooth projective 
variety of dimension n — 3. We note that Fi is a fiber of / o /i and we can take /i such that 
Kx'\f h = fJ>*{Kx)\F h because dimSing(X) < and dimSing(F) < 1. Hence 

r 

h?{{K X , +l f{L))\ Fh ) = ^/i°(/i*(r(^))k) 

i=l 

i=l 
> 0. 

By Lemma 4.1] we have h°(K x + L) = h°(K x > + > 0- 

(b) Next we consider the case of dim h(X') — 2. Then dim a(Y) = 2 and let Y — s- Z — > a(Y) be the 
Stein factorization of a. We set a i : Y — > Z, Si := oei oS and h\ :=8\of'. Then we note that hi has 
connected fibers. Let F} ll (resp. Fg^ be a general fiber of hi (resp. 6%). As in the case (a) above, 
we can take n such that Kx'\f Hi = t l *(Kx)\F hl because dimSing(X) < and dimSing(Y") < 1. 
Then Fh t and Fg 1 are smooth with dimFf ll = n — 2 and dimFs 1 = 1, f\F hl '■ Fh t ~> Fg 1 is a fiber 
space such that K Fhi + (ji*L)\p h = (m* ° f*(H))\F hl = (f'\F hl )*(S*(H)\ Fsi ). Here we note that 
S*(H)\p s is ample because dimFs 1 = 1 and deg6*(H)\p s > 0. By jTSJ Theorem 4.1], we have 
h°(K Fhi +fj,*{L)\ Fhi ) > 0. Therefore by Lemma 4.1] we get h°(K x +L) = h°(K x >+fJ-*(L)) > 0. 

(c) Next we consider the case of dimh(X') = 1. Then a(Y) is a smooth curve and a : Y — > a(Y) 
has connected fibers (see [H Lemma 2.4.5]). Let Fh (resp. F a ) be a general fiber of h (resp. a). 
Then Fh is smooth and F a is a projective variety with dmiF a — 2 and (/ o fJ,)\F h '■ Fh — > F a is a 
surjective morphism with connected fibers. By taking its Stein factorization, if necessary, we may 
assume that F a is normal. Since K Fh + L Fh = fj,*(f*(H))\ Fh = ((/ ° f-)\F h )* (H\F a ) and H \ Fa is 
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ample, by [HI Theorem 4.3] we see that h°(Kp h + Lp h ) > 0. Therefore by [SJ Lemma 4.1] we get 
h°(K x + L) = h°(K x , + (i*(L)) > 0. 

From (a), (b) and (c) above, we get h°(Kx+L) > 0. Therefore we see that h°(m(Kx + L)) > 
by Lemma 12.11 

(2) The case where h l (O x ) = 0. 

Then /i 1 (0y) = 0. If h°(K x + L) > 0, then we get the assertion by Lemma |2~T1 So we assume 
that h°(K x + L) = 0. 

Since i? 1 /* {p{Kx+L)) = i? 1 /* {Kx + ((p — l)Kx +pL)) = for every integers i and p with i > 
and p > 0, we have Ii 1 (p(Kk + L)) = h?{f*{p{K x + L))) = h l (pH) for every integer % and p with 
i > and p > 0. Therefore x{pH) = h°(pH) for every positive integer p. Since h°(Kx + L) = 0, 
we get = 0. Let t be an indeterminate. Then x(tH) is a polynomial of £ whose degree is 3. 

Because x(H) = 0, we can write x(i-ff) = d(t — l)(t 2 + at + b), where a and d are real numbers. 
On the other hand, we set 

3 
3=0 

Then X3 (Y,H) = 6d, x 2 (F, H)+ X3 (Y, H) = 2d(o-l), 2 X3 (Y, H)+3 X2 (Y, H)+6 X i{Y 1 H) = U{b-a) 
and xo(Y, H) = -bd. Since H 3 = X3 (Y, H) = 6d, we have ^(Y, F) = 1 - xi{Y, H) = 1 - 2d(a - 4) 
and g 2 (Y,H) = -1 + ^(CJy) + xi(Y, H) = d(b - 2a + 2) - 1. 
Next we prove the following claim. 



rn 



Claim 3.1 a > -1/2. 



Proof. Let 6 : T y be a resolution of F such that T \ 5~ 1 (Sing(y)) S Y \ Sing(y). Then 
there exist a smooth projective variety X' , a birational morphism /i : X' — > X and a fiber space 
/' : X' — > T such that f o fj, = 8 o f , Let i' = (i*(L). By the same argument as in the proof of 
[151 Theorem 4.3], we have < (S*(H)) 3 - K T {5*{H)f because Xx'/t + V is pseudo-effective. 
On the other hand, 

{8*{H) f -K T (5*{H) f 

= 3xg(T,6*(H))+2 X ?(T,6*(H)) 

= 5Xo(Y,H) + 2 X ?(Y,H) 

= 2d(2a+l). 

Therefore 2d(l + 2a) > and a > -1/2 since d > 0. □ 

Assume that /i°(2(X x + £)) = 0. Then b = -2a - 4 because x( 2H ) = 0- Hence by Claim |3~T1 
we have g 2 (Y, H) = d(b - 2a + 2) - 1 = d(-4a - 2) - 1 < -1. By QH Lemma 3.1], we see that 
X2(T,5*(H)) < x¥(Y,H) holds. We also have h\0 T ) = b}{0 Y ) = since h}{O x ) = and X 
has only rational singularities. Therefore we get g% (T, S*(H)) < g 2 (Y, H). 

If k(T) = -oo, then we see that g 2 {T,5*{H)) > by 19, Proposition 3.1]. 

If k(T) > 0, then by 9, (4.2) Theorem], there exists a quasi-polarized variety (Vi,Hi) of 
dimension 3 such that V\ is a normal projective variety with only Q-factorial terminal singularities, 
(T,5*{H)) and iVi.Hi) are birationally equivalent and Ky 1 + 2H\ is nef. Let 7r : X\ — > V\ be a 
resolution of Vi. Then by [HI Theorem 4.3] we have 

92(T,S*(H)) 

> -1 + -Lvr^X^v, + 2H 1 ))**(H 1 ) - ^*((K Vl + 2H 1 ))tt*(H 1 Y + ^(H,)) 3 . 

We also note that there exist a smooth projective variety X 2 of dimension 3 and birational mor- 
phisms 7T 2 : X 2 -> X x and (i : X 2 -> T such that /3*(8*(H)) = n%(w*{Hi)). Let 7 := tt o tt 2 . 
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Then K X2 = f3*(K T ) + Ep and K X2 = l*{K Vl ) + E 7 hold, where E p (resp. E 7 ) is a j3- 
exceptional (resp. 7-exceptional) effective Q-Cartier divisor. Since we assume k(T) > 0, we have 
< K X2 j*(K Vl +2fl- 1 ) 7 *(fli) = r(K Vl h*(K Vl + 2H 1 ) 1 *(H 1 ) = n* (K Vl )ir* (K Vl +2H 1 )n*{H 1 ). 
Moreover since 

7r*(K Vl +2H 1 )7r*(H 1 ) 2 = 1 *{K Vl +2H l ) 1 *(H 1 ) 2 

= (K X2 +2 1 *(H 1 )h*(H 1 ) 2 



(P*(K T ) + E P + 2(3*6*(H))/3*6*(H) 2 
(Kt + 25*(H))S*(H) 2 



and (^{H^y = (5*(H)) S , we have 



-±- 7r *(K Vl +2H 1 )n*(H 1 f + i( 7r *( J ff 1 )) 3 
= -l- KT s* i H) 2 + ±(5*(H)f 
= l(4 Xo ff (T,r( J ff)) + 2 X f(T, ( 5*(ff)) 
= ±(4 X £(Y,H) + 2 X ?(Y,H)) 
= ±(2 X £(Y,H) + X ?(Y,H)) 
= -^{12d + 2d(a - 1) - 6d) 
= i(2d + ad). 
Since a > —1/2 by Claim [O] we have 

~^((K Vl + 2H l ))v*(H 1 ) 2 + lin*^)) 3 > i(2d - \d) = id. 

Therefore 

,g 2 (r,ff) >id-i. 

6 

On the other hand, as we said before, g 2 (Y,H) < d(— 4a — 2) — 1 < — 1 holds by Claim lOI But 
this is impossible because 

d=± x *(Y,H) = ±H3>0. 

Hence h°(2(K x + L)) ^ 0. 

Assume that h°(3(K x + L)) = 0. Then b = -3a - 9 because x(3£f) = 0. Hence g 2 (Y,H) = 
d(b — 2a + 2) — 1 = d(— 5a — 7) — 1 < by Claim l3~Tl But this is impossible by the same argument 
as above. Hence h°(3(K x + L)) ^ 0. 

Therefore h°(m(K x + L)) > for every integer m with m > 2 by Lemmas 12.11 and 12.21 Hence 
we get the assertion. □ 

Next we consider the case where X is a normal Gorenstein projective variety of dimension 4 
with only isolated terminal singularities. 

Theorem 3.2 Let (X, L) be a polarized variety of dimension 4 which satisfies the assumption 
(SRE). Assume that K x + L is nef. 

(1) If < k(K x + L) < 2, then h a (m(K x + L)) > for every integer m with m > 1. 
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(2) If k(Kx + L) = 3, then h°(m(Kx + L)) > /or every integer m with m > 2. 

Proof, (i) If + L) = 0, then we can prove that + i) = O x by [1 Lemma 3.3.2]. 

Then /i (#x + L) = 1. 

(ii) If k(Kx + L) = 1 (resp. 2), then there exist a normal projective variety Y with dimF = 1 
(resp. 2) and a fiber space / : X — > Y such that Kx + L = f*(H) for some ample line bundle H 
on Y. By the same argument as in the proof of [HI Theorem 4.1] (resp. jl8j Theorem 4.3]) we 
can prove h°(m(Kx + L)) > for any m > 1. 

(iii) If k(Kx + L) = 3, then there exist a normal projective variety Y with dimK = 3 and a fiber 
space / : X —± Y such that Kx + L = f*(H) for some ample line bundle H on Y . By Theorem 
Owe get h°(m(K x + L)) > for any m > 2. □ 

Theorem 3.3 Let (X, L) be a polarized variety of dimension 4 which satisfies the assumption 
(SRE). Assume that Kx + L is nef and big. Then h°(m(Kx + L)) > for every integer m with 
m> 4. 



Proof, (i) First we consider the case of m = 4. 

Claim 3.2 h°{4(K x + L)) > 0. 

Proof. Assume that h°(4(K x + L)) = 0. Then by Lemma O we get h°[2(K x + L)) = 0. 
Therefore we have 

> h (2(K x +L))-h°(Kx + L), 
< h°(3(K x +L))-h°(2(K x +L)) ) 
> h°(4(Kx+L))-h (3(K x + L)). 



On the other hand by Theorem 12. II 

(4) h°(m(K x +L))-h°((m-l)(K x +L)) 

= gs(X,K x +L)+ g 2 (X,K x + L,{m- 2)K X + (m - 1)L) - h 2 (O x ). 

By using the above, 

(5) > g 3 (X,K x + L)+g 2 {X,L,K x +L)-h 2 (O x ), 

(6) < g3(X 7 Kx+L)+g 2 (X,Kx+L,Kx + 2L)-h 2 (Ox), 

(7) > g 3 (X,Kx+L)+g 2 (X 7 Kx + L,2K x + 3L)-h 2 (Ox). 

By © and we get 

(8) , 92 (X, K x + L, K x + 2L) > g 2 (X, L, K x + L). 
By © and © we get 

(9) g 2 (X,K x + L,K X + 2L) > g 2 (X,K x + L.2K X + 3L). 
On the other hand by Proposition l2.il 



(10) g 2 (X 1 Kx+L.K x + 2L) = g 2 (X, K x + L, K x + L) + g 2 (X, K x + L, L) 

+ 9l (X, K x + L,K X + L, L) - h 1 {Ox) 

and 

(11) g 2 (X,Kx + L,2K x + 3L) = g 2 (X,K x + L,K X + L) + g 2 (X,K x + L,K X + 2L) 

+ 9l {X,K X +L,K X + L,K X + 2L) - h 1 {O x ). 
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By © and flO]). we have 

(12) g 2 (X,K x +L 1 K X + L)+ gi (X,K x + L,K X + L, L) - h\O x ) > 0. 
By © and ([IT]), we have 

(13) g 2 (X, tf x + L, Jfx: + L) + gi(X, K x +L,K X + L, K x + 2L) - h\O x ) < 0. 
Hence by (fT2|) and (fT3l) we get 

5 i (X, JT X + L, + L, L) - 5l (X, K x + L, K x + L,K X + 2L) > 0. 
On the other hand since Kx + L is nef and 1-big we have 

9l (X, K x +L,K X + L, L) - 9l (X, K x + L, K x + L,K X + 2L) 
= -\{K x + Lf{AK x + hL) 
< 0. 

This is a contradiction. Therefore h°(A(K x + L)) > 0. □ 

(ii) Next we are going to prove the following: 

Claim 3.3 h°(3(K x + L)) + or h°(5(K x + L)) ^ 0. 

Proof. Assume that h°(3(K x + L)) = and h°(5(K x + L)) = 0. Then the following hold: 

> h (3(Kx+L))-h°(2(Kx + L)), 
< h°(4(K x +L))-h°(3(K x + L)), 
> h {5(K x + L))-h°{4(Kx+L)). 

By (JIJ, we have 

> .g 3 (X,K x + L)+.g 2 (X,K x + ^Kx + 2L)- 
< g 3 (X,K x + L) + g 2 {X,K x + L,2K x + 3L) 
> ff 3(X,Kx + i)+.g 2 (A,K x + L,3/i x +4L) 

Therefore we get 

(14) g 2 (X,K x + L,2K X + 3L) > g 2 (X,K x + L,K X + 2L), 

(15) g 2 (X,K x + L,2K X + 3L) > g 2 (X,K x + L,3K X + 4L). 

On the other hand by Proposition 12 . 1 1 we have 
g 2 (X,K x + L,2K x + 3L) 

= g 2 (X, K x + L,K X + 2L) + g 2 (X, K x + L,K X + L) 
+ 9l (X, K x +L,K X + L, K x + 2L) - h 1 (O x ) 

and 

g 2 (X,K x +L,3K x + 4:L) 

= g 2 (X, K x + L, 2K X + 3L) + g 2 (X, K x +L,K X + L) 
+gi(X,K x +L,K X + L, 2K X + 3L) - h l {O x ). 



-h 2 (O x ), 
-h 2 (O x ), 
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Hence 



g 2 {X,K x + L,K x + L)+ 9l (X,K x +L,K x + L,K x + 2L)-h 1 (O x ) > 0, 
g 2 {X,K x +L,K x + L)+g 1 {X,K x + L,K x + L,2K x + 3L)-h 1 {O x ) < 0, 

and therefore we get 

91 (X, K x + L,K X + L, K x + 2L) - 9l (X, K x + L,K X + L, 2K X + 3L) > 0. 

But since K x + L is net and 1-big and 3K X + (7/2)L is ample, we have 

gi (X, K x + L,K X + L, K x + 2L) - 9l (X, K x + L, K x + L, 2K X + 3L) 

= -(K x + L) 3 \3K x + ^Lj 

< 0. 

This is a contradiction. This completes the proof of this claim. □ 
(ii.l) Next we consider the case of h°(3(K x + L)) > 0. 

If h°{3(K x + L)) > 0, then by using the positivity of h°{A{K x + L)), we have h°(m{K x + L)) > 
for every integer m with m > 6 by Lemmas 12.11 and 12.21 

Claim 3.4 Ifh°(3(K x + L)) > 0, then h°(5(K x + L)) > 0. 

Proof. Assume that h°(5(K x + L)) = 0. If h°(2(K x + L)) > 0, then by Lemma Owe see 
that h°(5(K x + L)) > 0. So we may assume that h°(2(K x + L)) = 0. Then 

> h°(2(K x +L))-h°(K x + L), 

< h°(3(Kx + L))-h {2(K x +L)), 

> h°(5(K x + L))-h {4(K x +L)). 

By (01, we have 

> g 3 (X,K x +L)+g 2 (X,K x +L,L)~h 2 (O x ), 

< g 3 (X,K x +L)+g 2 (X,K x +L,K x + 2L)-h 2 (O x ), 

> g 3 (X,K x +L)+g 2 (X,K x + L,3K x + 4L)-h 2 (O x ). 

On the other hand by Proposition 12 . 1 1 we see that 

g 2 (X,K x +L,K x +2L) 

= g 2 (X, K x +L,L)+ g 2 (X, K x + L,K X + L) 
+ 91 {X, K x +L,K X + L, L) - h\O x ) 

and 

g 2 (X,K x +L,3K x +4L) 

= g 2 {X, K x +L,K X + 2L) + g 2 (X, K x + L, 2K X + 2L) 

+ 9l (X, K x + L, 2{K X + L),K X + 2L) - h\O x ) 
- 52 (X, K x + L,K X + 2L) + 2g 2 (X, K x + L, K x + L) 

+ 9l (X, K x +L,K X + L, K x + L)+ 9x (X, K x + L, 2(K X + L),K X + 2L) 

-2h\O x ). 
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Hence 

< g2(X,K x + L,Kx + L) + g 1 {X,K x +L,K x + L,L)-h 1 (Ox), 
> 2g 2 (X 1 K x +L.K x + L)-2h 1 {O x ) 

+ 9l (X, K x + L,K X + L, K x +L)+ 9l (X, K x + L, 2{K X + L),K X + 2L) 

and therefore we get 

2 9l (X,K x +L,K x + L,L) 

> 9l (X, K x +L,K X + L, K x + L)+ 9l {X, K x + L, 2{K X + L),K X + 2L). 

But since Kx + L is nef and 1-big and 7Kx + (17/2)L is ample, we have 

2 9l (X, K x +L,K X + L, L) - 9l (X, K x +L,K X + L, K x + L) 
- 91 {X, Kx+L,2(Kx + L) 7 K x + 2L) 

= -{Kx+Lf ^7Kx + y L ^ 
< 0. 

This is a contradiction. This completes the proof of this claim. □ 



(ii.2) Next we consider the case of h a (5(Kx + L)) > 0. 

Claim 3.5 If h°(5(Kx + L)) > 0, then h°(m(Kx + L)) > for every integer m with m > 5. 

Proof. If h°(5(Kx + L)) > 0, then by using the positivity of h {A(K x + L)), we have 
h°(m(K x + L)) > for m = 5, 8, 9, 10 and m > 12 by Lemmas [2T] and &2\ 
So we consider the case where m = 6 (resp. 7, 11). 

Assume that h°(6(K x + L)) — (resp. h°{7(K x + L)) = 0, h°(ll(K x + L)) = 0). If 
h°(3(Kx + L)) > 0, then by Lemma \2. II (resp. Lemma \2. II and Claim [X2l Lemma [2. II and Claim 
ET5D we see that h°(6(K x + L)) > (resp. h°(7(K x + L)) > 0, h°(ll(K x + L)) > 0). So we may 
assume that h°(3{K x + L)) = 0. Then 







> 


h°(3(K x + L)) - 


h°(2(K x + 








< 


h\A{K x + £)) - 


h"(3(K x + 


L% 






o > 


h°(6(K x + L)) - 


h"(5(K x + 


L)) 




(resp. > 


h°(7(K x + L)) - 


h°(6(K x + 


L)), 






o > 


h°(ll(K x + L))- 


-h°(10(K x 


+ L)))- 


By (jH), we have 















> 


gs(x,K x 


+ L)+g 2 (X,K x 


+ L,K X + 


2L)-h 2 (O x ), 





< 


g 3 (x,K x 


+ L)+g 2 (X,K x 


+ L, 2K X 4 


-3L)-h 2 (O x ), 





> 


g 3 (x,K x 


+ L)+g 2 (X,K x 


+ L,4K X 4 


-5L)-h 2 (O x ) 


(resp. 


> 


g 3 (x,K x 


+ L)+g 2 (X,K x 


+ L, 5K X 4 


-6L)-h 2 (O x ), 





> 


g 3 (x,K x 


+ L)+g 2 (X,K x 


+ L, 9K X 4 


-10L)-h 2 (O x )) 



Hence 



g 2 (X,K x + L,2Kx + 3L) > g 2 (X, K x + L, K x + 2L), 

g 2 (X,K x +L,2K x + 3L) > g 2 (X, K x + L, 4K X + 5L) 

(resp. g 2 {X,K x + L,2K x + ZL) > g 2 (X, K x + L,5K X + 6L) 

g 2 (X 7 Kx+L,2K x + 3L) > g 2 (X, K x + L, 9K X + 10L)). 
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On the other hand by Proposition 12 . 1 1 we have 
g 2 (X,K x + L,2K x +3L) 

= g 2 (X, K x + L,K X + 2L) + g 2 (X, K x + L,K X + L) 
+gx(X,K x +L,K X + L,K X + 2L) - h^Ox), 

g 2 (X,K x + L,AK x + 5L) = g 2 (X, K x + L, 2K X + 3L) + 2g 2 (X, K x + L, K x + L) 

+ 9l (X, K x +L,K X + L, K x + L) 
+gi(X, K x +L, 2K X + 3L, 2K X + 2L) - 2k 1 (O x ), 



(ves V .g 2 (X,K x + L,5K x + 6L) = g 2 (X, K x + L, 2K X + 3L) + 3g 2 (X, K x + L, K x + L) 

+ 9l (X, K x +L,K X + L, K x + L) 
+ 9l (X, K x +L,K X + L, 2K X + 2L) 
+5i (X, K x + L, 2K X + 3L, 3K X + 3L) - 3h x (O x ) 

and 

,g 2 (X, K x +L, 9K X + WL) = g 2 {X, K x + L, 2K X + 3L) + 7g 2 (X, K x + L, K x + L) 

6 

+ Y,9i(X,K x + L,K X + L,k(K x + L)) 

k=l 

+ 9l (X, K x + L, 2K X + 3L, 7K X + 7L) - 7h\O x )). 

Hence we have 

52 {X, K x + L,K X + L)+ 5l (X, K x + L, K x + L, K x + 2L) - h 1 (O x ) > 0, 



252 (X, K x +L,K X + L)+ 9l (X, K x + L,K X + L, K x + L) 
+ 9l (X, K x + L, 2K X + 3L, 2K X + 2L) - 2h x (O x ) < 

(resp. 3g 2 (X, K x +L,K X + L)+ 9l (X, K x + L,K X + L, K x + L) 
+5i (X, K x + L,K X + L, 2K X + 2L) 
+ 9l {X,K x + L,2K x + 3L,3K x + 3L)-3h 1 (O x ) > 0, 

6 

7 92 {X, K x +L,K X + L) + Y / 9i(X, K x + L, K x + L, k(K x + L)) 

k=l 

+5i {X, K x + L, 2K X + 3L, 7K X + 7L) - 7h 1 (O x ) < 0). 

Therefore 

2 9l (X,K x + L,K x + L,K x + 2L) > 51 (X, K x + L, K x + L, K x + L) 

+5i (X, K x + L, 2K X + 3L, 2K X + 2L) 

(vesp.3 gi (X,K x + L,K x + L,K x +2L) > gi(X, K x + L, 2K X + 3L, 3K X + 3L) 

2 

+ J29i(X,K x +L,K x +L,k(K x +L)), 
k—l 
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7 gi (X,K x +L,K x + L,K x + 2L) > 9l {X,K x + L,2K X + 3L,7K X + 7L) 

6 

+ 9i(X, Kx + L,K X + L, k(K x + L))). 

k=l 

On the other hand, since K x + L is nef and big, we have 

2 9l (X, K x + L,K X + L, K x + 2L) 
-gi(X, K x + L,K X + L, K x + L) 
-gi(X, K x + L, 2K X + 3L, 2K X + 2L) 

= -(K x + Lf (lQK x + ^Lj 

< 



(resp. 3 9l (X,K x +L,K x + L,K x + 2L) 

-gi(X, K x + L, 2K X + 3L, 3K X + 3L) 

2 

- 91 (X, K x +L,K X + L, k(K x + L)) 

k=l 

= -{K X +L) 3 {22K X + 25L) 
<0, 

7gi(X, K x + L,K X + L, K x + 2L) 
-g x (X, K x + L, 2K X + 3L, 7K X + 7L) 

6 

- 91 (X, K x +L,K X + L, k(K x + L)) 

k=l 

= -{K x + Lf {U0K x + 154L) 
<0). 

This is a contradiction. Therefore we complete the proof of Claim 13.51 □ 

Therefore we get the assertion of Theorem 13.31 □ 

When we study the positivity of h°(3(K x + i)), we need to study the value of the second 
sectional geometric genus. Here we fix some notation which will be used in the following results. 

Notation 3.1 Assume that (X, L) is a polarized variety of dimension 4 which satisfies the assump- 
tion (SRE). Then let r : X x ->■ X be a resolution of X such that X x \r- 1 (Sing(X)) ^ X\Sing(X) 
and let L x = r*{L). 

First we will prove the following proposition. 

Proposition 3.2 Let (X,L) be a polarized variety of dimension 4 which satisfies the assumption 
(SRE). We use Notation \3.\\ Assume that K x + L is nef and big. Then for any nef line bundles 
A\ and A2 on X the following hold. 

(i) c 2 {X 1 )r*(A 1 )r*{A 2 ) > -i(18X Xl £i + 27 L 2 1 )r*(A 1 )r*(A 2 ). 

(ii) One of the following holds. 
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(11.1) c 2 (X 1 )r*(A 1 )r*(A 2 ) > -1(6^x^1 + 8L 2 1 )r*(A 1 )r*(A 2 ). 

(11.2) X is rationally connected and h°(Kx + 2L) = hP(Kx + L) = 0. 



Proof. (1) First we assume that fix (§£) is not generically nef. (Here fix (§£) denotes Q- 
twisted sheaf. See [HJ 2.3 Definition].) Then by [3TJ 3.1 Theorem], there exist a smooth projective 
variety X' of dimension 4, a smooth projective variety Y of dimension m with m < 3, a birational 
morphism /x : X' — > X, and a surjective morphism (p : X' — > Y such that the following holds: The 
general fiber F of ip is rationally connected and h°(D) = for any Cartier divisor D on F such 
that D ~q Kp + j/i*(j/j,*(L)) F for any j 6 [0, 4 — m] nQ. (Here ~q denotes the linear equivalence 
of Q-di visors.) 

(1.0) Assume that dimY = 0. Then X' is rationally connected and h°(K x > + 3/x*(i)) = h°(K x > + 
2n*{L)) = h°(K x > + H*{L)) = 0. Here we note that x(0x) = 1 since ti{O x ') = for any i > 1. 
But by [HI 4.1 Lemma] this is impossible because 

(K x < + 3fi*(L))n*(L f = (K x + 3L)L 3 > 0. 

(1.1) Assume that dimY = 1. Then for the general fiber F of <p we have h°(Kp + 2fi*(L)\p) = 
h°(K F + fi*(L)\ F ) = 0. But k(K f + 2n*(L)\p) > holds because K x + L is nef. Hence h°(K F + 
2fj,*(L)\ F ) > by pH Theorem 4.6] since dimi^ 1 = 3. This is impossible. 

(1.2) Assume that dimY = 2. Then for the general fiber F of (p we have h (KF+/j,*(L)\F) = 0. On 
the other hand we have n{Kp +fj,*(L)\p) > because Kx + L is nef. Hence h°(Kp + fi*(L)\p) > 
by Pj3 Proposition 2.1] since dimF = 2. This is also impossible. 

(1.3) Assume that dimY = 3. In this case F = P 1 . If deg^*(L)|^ > 3, then there exists 
j G [0, 1] HQ such that K F +j(i*(%(jt*(L)) F is a Cartier divisor with deg K F +jfx* (§/i*(L) )f > 0. 
Hence h°(K F + jH*(j(i*(L)) F ) > and this is a contradiction. Therefore deg \x* (L)\ F < 2. In 
particular 

(16) deg(Kp+fi*(L)\ F ) <0. 
On the other hand we have 

(17) K F +ti*(L) F = (K X '+ f i*(L))p 

= {^{K x +L) + E^) Fl 

where is an effective /j,-exceptional divisor. Since Kx + L is nef and big, we see that fi* (Kx + L) 
is also nef and big. Hence ([i*(Kx + L)) F is nef and big (see (1.4) Proposition]). So we get 

(18) degfi*(K x +L) F >0. 

Here we note that we can take a general fiber F of <p with F <£_ Supp(£' Al ). Therefore 

(19) deg(^) F > 0. 

By (fTf). ([Tgjt and ([19} we have deg(K F + fi*(L)\ F ) > and this contradicts to (fl6]|. 

By (1.0), (1.1), (1.2) and (1.3) we conclude that fix (f-^) is generically nef. Here we note that 
Kx + 3L is nef. Hence by jUJ 2.10 Lemma] we get 

c 2 (^ix (jLj^j A X A 2 >0. 

Namely we have 

c 2 {X)A 1 A 2 > -\{1%K X L + 27L 2 )A 1 A 2 . 
8 

Here we note that X has only isolated singularities and divnX = 4. Hence we have c 2 (X)A\A 2 = 
c 2 (X 1 )r*(Ai)r*(A 2 ). On the other hand, we have (18-fTx^i + 27 T L\)r* (A^r* (A 2 ) = (18K X L + 
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21L?)A\A 2 . Therefore we get the assertion of (i). 



(2.1) First we assume that ilx (f-^) is generically nef. Here we note that K x + is nef. Hence 
by [2TJ 2.10 Lemma] we get 

c 2 ((l x (^L) ]4ii 2 >0. 



Namely we have 
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c 2 {X)A 1 A 2 > -^(6K X L + 8L 2 )A 1 A 2 . 



Here we note that X has only isolated singularities and dim = 4. Hence we have c 2 (X)AiA 2 = 
c 2 (X 1 )r*(A 1 )r*(A 2 ). On the other hand, we have {6K Xl L x + 8L\)r* (A^r* (A 2 ) = (6K X L + 
8L 2 )A\A 2 . Therefore we get (ii.l) in the statement of Proposition 1331 

Next we assume that £lx (f-^) is n °t generically nef. Then by [2TJ 3.1 Theorem], there exist a 
smooth projective variety X' of dimension 4, a smooth projective variety Y of dimension m with 
m < 3, a birational morphism fi : X' — > X, and a surjective morphism (p : X' — Y Y such that the 
following holds: The general fiber F of ip is rationally connected and h°(D) = for any Cartier 
divisor D on F such that D — q K f + J>*(§A<* (L)) F for any j E [0, 4 - m] n Q. 

By the same argument as in the cases (1.1), (1-2) and (1.3) above, we can prove m = 0. Then 
X' is rationally connected and h°(K x > + 2/i*(L)) = h°(K x > + V*(L)) = 0. Therefore we get 
(ii.2). □ 

Theorem 3.4 Let (X, L) be a polarized variety of dimension 4 which satisfies the assumption 
(SRE). Assume that Kx + L is nef and big. Then h°(3(Kx + L)) > 0. 

Proof. Assume that h°(3{K x + L)) = 0. Then by Lemma O we get h°(K x + L) = 0. 
Therefore 

< h (2(Kx+L))-h a (Kx+L) 
> h (3(Kx + L))-h a (2(K x +L)). 

By using @ in the proof of Claim I3~2l we have 

(20) < g 3 (X,K x + L) + g 2 (X,L,K x + L)-h 2 (O x ) 

(21) > g 3 (X,Kx + L)+g 2 (X,K x +L,Kx + 2L)-h 2 {Ox). 

By and (JUl) we get 

g 2 (X, Kx+L,K X +2L)< g 2 (X, L, K x + L). 
On the other hand by Proposition [2T] 



g 2 (X,K x +L,K x + 2L) = g 2 (X, K x + L, K x + L) + g 2 (X, K x + L, L) 

+ 9l (X, K x +L,K X + L, L) - h\Ox). 

Hence we get 

(22) g 2 (X, K x +L,K X + L)+ 9l (X, K x +L,K X + L, L) - h l (O x ) < 0. 



(1) First we assume that {X,L) satisfies (ii.l) in Proposition 13.21 We use Notation 13.11 Then by 
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[H (2.2.A)] and [H Lemma 3.1] we have 

g 2 (X,K x + L,K x +L) 

= . 92 {X 1 , r* (K x +L),r* (K x + L'j) 

= -1 + h\0 Xl ) + ^(^i + Zr*{K x + L)){K Xl + 2r*(K x + L))r*{K x + Lf 

+ -^c 2 (X 1 )r*(K x + Lf + ^{2K Xl + 2r*{K x + L))r*(K x + Lf 

> -l + h\0 Xl ) + -^{K Xl +3r*(K x +L))(K Xl +2r*(K x + L))r*{K x +Lf 

~(6K Xl Lt + 8L 2 )r*{K x + L) 2 + -^(2K Xl + 2r*(K x + L))r*{K x + Lf 
3d 24 

= -1 + h\<D Xl ) + 7 -(K x + Lf ~\{K X + LfL + ^(K X + L) 2 L 2 . 
6 6 36 

On the other hand we have 
(23) 9l (X, K x + L, K x + L, L) = 1 + | (K x + LfL. 

Hence 

.92 (X, K x + L,K X + L) + 9l (X,K x + L,K X + L,L) - h 1 (O x ) 

> -1 + h 1 (0 Xl ) + \{K X + Lf ~ \{K X + LfL 

b 6 

+ ^{K X + LfL 2 + 1 + l(K x + LfL - h\0 Xl ) 
3d 2 

= 7 -{K x + Lf + \{K X + LfL + ±-{K x + LfL 2 
6 3 36 

> 0. 

This contradicts (1221). Therefore this case cannot occur. 



(2) Next we assume that (X,L) satisfies (ii.2) in Proposition [321 By using Proposition [372] (i), [TH 
(2. 2. A)] and [TH1 Lemma 3.1], we have 

g 2 (X,K x +L,K x +L) 

= g 2 {X 1 ,r*(K x +L),r* (K x + L)) 

> -l + h 1 (0 Xl ) + ^(K Xl +3r*(Kx+L))(Kx 1 +2r*(Kx + L))r*(K x +Lf 

~~k i&KxiLl + %L ^ r * {Kx + L ? + 24 (2jFOfl + 2r *( Kx + L ))r*(K x + Lf 
= 1 + h\0 Xl ) + 7 -(K x + Lf -%(Kx+ LfL -^(Kx+ L) 2 L 2 . 



Hence by (|23|) we have 

.92 (A, K x + L, K x + L) + g x (A, K x + L, K x + L, L) - h 1 (O x ) 
> 7 -(K x + Lf + |(Ax + LfL -^(Kx+ L) 2 L 2 . 

Here we note that by [THl Theorem 3.2 (i)] we have 
(24) g 2 (X, K X +L,K X + L) = h°(3K x + 2L) - 2h°(2K x + L) 
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because X is rationally connected. If gi{X, Kx + L, Kx + L) > 0, then gz(X, Kx + L, Kx + L) + 
g 1 {X,K x + L,K x + L,L)-h 1 {Ox) > 9i(X, K x +L, K x +L, L) > because ft 1 (Ox) = and this 
contradicts ![2"2"|). Therefore g 2 (X, K x +L, K x + L) < and we see from (JH} that h°(2K x + L) > 0. 
Here we note that 

(Kx + LfL = {K x + ]-L){Kx+L) 2 L+]-(K x +L) 2 L 2 . 



Then 



Therefore 



ff2 (X, X x + L, X x + L) + X* + L, K x + L, L) - h\O x ) 
> 7 -(K x + Lf + %(Kx + LfL -^(Kx+ L) 2 L 2 

> 7 (Kx + Lf + ^-(K x + L) 2 L 2 
6 16 

> 0. 

This is also impossible. 

Therefore we get h°(3(K x + L)) > 0. □ 



By Theorems 13.31 13.41 and Remark 12.31 we get the following corollary. 

Corollary 3.1 m^ EF (SRE) < m^ EF (SRE)+ < 3. 
Next we consider the case of k(X) > 0. 

Theorem 3.5 Let (X, L) be a polarized variety of dimension 4. Assume that (X, L) satisfies the 
assumption (SRE), k(X) > and K x + L is nef. Then h°(2(K x +L))>1. 

Proof. We use Notation l3.ll Then K Xl +Li = r*(Kx + L)+E r holds, where E r is an effective 
r-exceptional divisor. Hence for any positive integer m 

h°{m{K Xl +Lx)) = h°{mr*{K x + L) + mE r ) 

= h°(mr*(K x + L)) 

= h (m(K x +L)). 

Here we also note that 

h°(2K Xl +2L 1 ) = h°(K Xl +K Xl +L 1 +L 1 ) 

= h°{K Xl +r*{K x + L) + E r + L 1 ) 

> h°{K Xl +r*{K x + L) + L l ) 

= h°(r*(K x )+r*(K x +L)+r*(L) + E r ) 

> h°(r*(2K x + 2L)) 
= h°{2K x + 2L). 

Since h°(2K Xl +2L X ) = h°(2K x + 2L), we have h°(2K Xl +2L X ) = h°(K Xl + r*(K x +L) + L 1 ). 
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Then 

(25) h°(2(K x + L)) - h°(K x + L) 

= h°(2(K Xl + Li)) - h°(K Xl + Li) 

= h°(K Xl + r*(K x +L) + L t ) - h°(K Xl + L±) 

= g z {X lir *{K x +L))+ g 2 (X u r*(K x + L),L X ) — h 2 (0 Xl ) 

= - X %(X u r*(K x + L)) + X " r*(K x + L),Li). 

By using pH (2.2.B)] and [HI Corollary 2.7] we have 

- X ?(X 1 ,r*(K x + L)) 

= YA {r * {Kx + L))i + Y2 Kxi {r * [Kx + L) f 



+ Y A ( K2 x 1 + c 2{X 1 )){r*{K x +L)f + ^K Xl c 2 {X 1 ){r (A\ In. 



and 



X ^(X 1 ,r*(K x +L),L 1 ) 



±Li(r*(#x + L)f + ±{L{?lr*{K x + L)) 2 + l^f^Kx + L)) 

+ ^K Xl (r*(K x +L) + L!)(r*{K x + L))L X + ^(K 2 Xl + c 2 (X 1 ))(r* {K x + L))L V 



Hence 



-x£(Xi,r*(Kx +L)) + X "{X u r*{K x +L),L,) 

= ^(r*(K x + L)) 2 {{r*{K x + L)) 2 + 2K Xl r*(K x + L) + K 2 Xi + 4L ir *(K x + L) 
+6Ll + m x M) + ^c 2 {X l ){r*{K x + Lf + K Xl r*(K x + L) + 2L x r*(K x + L)) 
+ l-(AL 3 ir *{K x +L) + 6K Xl L 2 r*{K x + L) + 2K 2 Xi L ir *(K x + L)) 

= ^(r*(K x + L)) 2 {K Xl + r*(K x + L)) 2 + ^(r*(K x + L))% 

+ -^c 2 (X 1 )r*(K x + L)(r*(K x + L) + K Xl + 2L X ) + ^r*(K x + L) 2 r*(K x + 2L)L X . 

Here we note that by Lemma [2.41 we have c 2 {X\)E r r* (K x + L) = 0. We also note that by 
Lemma0 (r*(K x + L)) 2 (K Xl +r*(K x + L)) 2 = (r*(K x + L)) 2 (r*(2K x + L)) 2 holds. 
Hence 

(26) -x? {X u r*{K x + L))+ X ?(X u r*(K x + L), L\) 

+ l-c 2 (X 1 )r*(K x + L)(r*(2K x + 3L)) + ^r*(K x + L) 2 r*(K x + 2L)r*(L). 

By setting H x := 2K X + 3L, H 2 := K x + L, H := L and s = 1, and by applying [THl Theorem 
4.2], we have 

(27) c 2 (X 1 )r*(2K x + 3L)r*(K x +L) 

> ~K Xl r*{L)r*(K x + L)r*(2K x + 3L) - ^(r* (L))V [K x + L)r*(2K x + 3L). 

= -^r*(K x )r*{L)r*(K x + L)r*(2K x +3L) - ^{r* (L)) 2 r* (K x + L)r*{2K x + 3L). 
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By |gS]), (USD and (gTJ), we get 

(28) h°(2(K x +L))-h°(K x + L) 

= -x^iX^r^Kx +L)) +x" (Xi,r*(K x + L),L X ) 

>^(Kx + L) 2 {2K X + Lf + ^(Kx+ L) 3 L 

™ (~K X L(K X + L){2K X + 3L) + \l 2 {K x + L){2K X + 3L) 
+ -^(K X + L) 2 (K X + 2L)L 

= ik {Kx + L) ^ Kx + L ^ 2Kx + i)2 + 8 °( Kx + i)2jL 

-6K X L(2K X + 3L) - 3L 2 (2K X + 3L) + 16(K X + L)(K X + 2L)L] 
= j^(Kx + L) {32K X {K X + 2Lf + 20K X (K X + 2L)L + 56{K X + L)L 2 + 55L 3 } 

> -^{Kx + L) {bQ{K x + L)L 2 + 55L 3 } 

111 

> . 

~ 192 

Therefore we get the assertion. □ 

Theorem 3.6 Let (X,L) be a polarized variety of dimension 4. Assume that (X,L) satisfies the 
assumption (SRE), K x + L is nef and n(X) > 0. Then for every integer m with m > 2 

h\m{K x + L)) > (m-l)(m-2)^ + 3m + 6) + ^ 

Proof. We use Notation 13.11 As in the proof of Theorem 13.51 we have h°(m(K Xl + L{j) — 
h°(m(K x + L)) for any positive inetger m. On the other hand, 

h°(m(K Xl +L 1 )) = h°{K Xl +(m-l)(K Xl + L x ) + L x ) 

= h°(K Xl +(m-l)r*{K x +L)+r*{L)) 

= h°(K Xl +(m-2)r*(K x ) + (m-l)r*(L)+r*(K x + L)), 

h°((m-l)(K Xl +Li)) = h°(K Xl + {m-2)r*(K x ) + {m-l)r*(L)). 

Let F(t) := h°(t(K x + L)) - h°((t - 1)(K X + L)). Then by Theorem O we have 

F(t) = h (K Xl +(t-2)r*{K x ) + {t-l)r*(L)+r*(K x + L)) 
-h°(K Xl +(t- 2)r*(K x ) + (t- l)r*(L)) 
= g 3 (X 1 ,r*(K x +L))+ g 2 (X 1 , (t - 2)r*(K x + L) + r*(L),r*{K x +L))-h 2 {O x ). 

Hence we have 

F(t)-F(t-1) = g 2 (X 1 ,(t-2)r*{K x + L)+r*(L),r*(K x +L)) 

-g 2 (X 1 , (t - 3)r*{K x + L) + r*{L),r*{K x + L)). 

On the other hand by Proposition ^. II 

g 2 {X x , (t - 2)r * {K x + L) + r * [L) , r * (K x + L)) 

= g 2 {X u (t - 3)r\K x + L) + r*(L),r*(K x + L)) + g 2 {X 1 ,r*{K x + L),r*(K x + L)) 
+gi{X 1 , (t - 3)r*{K x + L) + r*(L),r*(K x + L),r*(K x + L)) - h^Ox,). 
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Hence 

F(t)-F(t-1) = g 1 (X 1 ,(t-3)r*(K x + L)+r*(L),r*(K x +L),r*(K x +L)) 
+g 2 (X 1 ,r*(K x + L),r*(K x + L)) — h\0 Xl ). 

Here we note that (K X + L)L 3 > 2 because (K x + L)L 3 is positive and even. Moreover since 

(K x + Lf > (K x + LfL > (K x + L) 2 L 2 > (K x + L)L 3 > 2, 

we have 

gx{X x , (t - 3)r*(K x + L) + r*(L), r*(K x + L),r*(K x + L)) 
= 1 + i {{t - 3)K X + (t- 2)L){K X + Lf 

= 1 + t -^ Y ^(K x + Lf + 1 -L{K X + Lf 

>l + t(t-3)+t 
= (t-lf. 

By [H Corollary 4.1] we have g 2 (X 1 ,r* {K x + L),r* {K x + L)) > h l {O x f). Hence 

F(t) - F(t-1) > (t-lf 

and 

h°(k(K x + L)) - h°((k - l)(K x + L)) 
= F(k) 

> (k-lf + ■■■ + 2 2 + F(2) 
_ k(k-l)(2k-l) 
~ 6 

Claim 3.6 h°(2(K x + L)) - h°(K x + L) > 0. 



-1 + F(2). 



Proof. If h°(K x + L) > 1, then by Lemma O we get h°(2(K x + L)) - h°(K x + L) > 
h°(K x + L) - 1 > 0. Hence h°(2(K x + L)) - h a (K x + L) > 0. If h°(K x + L) = 0, then by 
Theorem [33] we get h°(2(K x + L)) - h°(K x + L) > 1. So we get the assertion. □ 

By Claim EH F{2) > 0. Hence 

h°(k(K x + L)) - h°((k - 1)(K X + L)) > Kk ~ 1} fl (2fc ~ 1} - 1. 

Therefore 

h°(m(K x +L)) > h (2(K x + L))+J2{ k{k ' 1 f k ' 1) -^ 



fc=3 



= h°(2(K x +L)) + ^m 2 (m 2 - 1) - (m - 1) 

> 1 + ^m 2 (m 2 - 1) - (to - 1) 

(m - 1)(to - 2)(to 2 + 3to + 6) 

12 + ' 

We get the assertion of Theorem 13.61 □ 
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4 The case of k(K x + L) > 

In this section, we consider the case of k(Kx + L) > in general. First we review the adjunction 
theory of Bcltrametti-Sommese and Fujita, which will be used later. 

Theorem 4.1 Let {X, C) be a polarized manifold with dimX = n > 3. Then (X, C) is one of the 
following types. 

(1) (P» 0p»(l)). 

(2) (Q»,ev(i)). 

(3) A scroll over a smooth projective curve. 

(4) A Del Pezzo manifold. 

(5) A quadric fibration over a smooth curve. 

(6) A scroll over a smooth projective surface. 

(7) Let (M, A) be a reduction of (X, C) . 

(7.1) n = 4, (M, A) = (P 4 ,dV(2)). 

(7.2) n = 3, (M,4) = (Q 3 ,0 Q 3(2)). 

(7.3) n = 3, (M,A) = (P 3 , p3 (3)). 

(7.4) n = 3, M is a P 2 -bundle over a smooth curve C and for any fiber F' of it, (F 1 , A\f') — 
(P 2 ,O p2 (2)). 

(7.5) Km ~ —{n — %)A, that is, (M,A) is a Mukai manifold. 

(7.6) [M, A) is a Del Pezzo fibration over a smooth curve. 

(7.7) {M, A) is a quadric fibration over a normal surface. 

(7.8) n > 4 and (M, A) is a scroll over a normal projective variety of dimension 3. 

(7.9) Km + (n — 2) A is nef and big. 

Proof. See [1 Proposition 7.2.2, Theorem 7.2.4, Theorem 7.3.2, Theorem 7.3.4, and Theorem 
7.5.3]. See also [TDJ Chapter II, (11.2), (11.7), and (11.8)]. □ 

Remark 4.1 Let (X,C) be a polarized manifold with dimX = n > 3. 

(1) k(Kx + (n — 2)£) = —oo if and only if (X, C) is one of the types from (1) to (7.4) in Theorem 

EZD 

(2) k(K x + (n - 2)C) = if and only if (X, C) is (7.5) in Theorem ED 

(3) k(Kx + (n — 2)C) > 1 if and only if (X, C) is one of the types from (7.6) to (7.9) in Theorem 

Ha 

Definition 4.1 Let (X,C) be a polarized manifold of dimension n > 3, and let (M,A) be a 
reduction of (X,C). Assume that Km + [n — 2) A is nef and big. Then for large m ^> the 
morphism ip : M — >• W associated to |m(ifj/ + (n — 2)A)\ has connected fibers and normal image 
W. Then we note that there exists an ample line bundle IC onW such that Km+(ti— 2) A — (f*()C). 
Let V := (ip„„4) vv , where vv denotes the double dual. Then the pair (W, 2?) together with ip is 
called the second reduction of (X, C). 
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Remark 4.2 (1) If Km + (n — 2) A is nef and big but not ample, then tp is equal to the nef value 
morphism of A. 

(2) If Km + (n — 2) A is ample, then tp is an isomorphism. 

(3) If n > 4, then W has isolated terminal singularities and is 2-factorial. Moreover if n is even, 
then X is Gorenstein (see [H Proposition 7.5.6]). 

Here we consider a characterization of (X,C) with k(Kx + (n — 3)£) = — oo. We note that 
k(Kx + (n — 1)£) = — oo (resp. k(Kx + (n — 2)£) = — oo) if and only if (X, £) is one of the types 
from (1) to (3) (resp. from (1) to (7.4)). Here we consider the case where n(Kx + (n — 3)£) = — oo. 
If (X, £) is one of the types from (1) to (7.8), then k(Kx + (n — 3)£) = — oo holds. So we assume 
that Km + {n — 2) A is nef and big. Then there exist a normal projective variety W with only 
2-factorial isolated terminal singularities, a birational morphism (f>2 '■ M — >■ W and an ample line 
bundle K on W such that K M + (n-2)A= ((f> 2 )*{IC). Let 2? := (0 2 )*(4) vv . Then 2? is a 2-Cartier 
divisor on W and K, = K w + (n — 2)V (see [U Lemma 7.5.8]). Then the pair (W, 2?) is the second 
reduction of (X, £) (see Definition 14. ip . Here we remark that if Km + (n — 2) A is ample, then 
(W,lC)^(M,KM + (n-2)A). 

Then the following properties hold: 

(1) k(K x + [n - 3)£) = k{K w + (n - 3)/C) holds [4, Corollary 7.6.2]. 

(2) (ti - 2){K W + {n- 3)2?) = K w + (n - 3)/C and K M + (n - 3)-4 = + (n - 3)2?) + A 
for an exceptional effective Q-Cartier divisor A of (fo. Therefore 

m(n - 2) (K x + (n - 3)£) = m(n - 2)^ (2sT M + (n - 3)4) + £?i 

= m(n - 2)<j>* 1 (<j>*(K w + (n - 3)2?)) + 2^1+ m(n - 2)^ A 
= m^^ o ^(/fw + (n - 3)/C) + Si + m(n - 2)^A. 

(Here <f>\ : X — > M is a reduction of (X, £) and 2?i is a (^-exceptional effective divisor.) 

(3) h°((n - 2)m(K x + (n - 3)£)) = h°(m(K w + (n - 3)/C)) for every integer m with m > 1. 

Moreover if n > 4, then there exists a normal factorial projective variety M" with only isolated 
terminal singularities and birational morphisms 4>\ : M — >• M" and ^> : Af" — > H^ such that 
02 = -0 o </>2- Then Ml) is called the factorial stage (see [H 7.5.7 Definition-Notation] or 11, (2.4) 
Theorem]). 

Here we consider a classification of (X, £) with k(Kx + (n — 3)£) = — oo and n > 4. First we 
note that if (X, £) is one of the types from (1) to (7.8), then we see that k(Kx + [n — 3)£) = — oo. 
So we may assume that Km + (n — 2)A is nef and big. Then there exists the second reduction 
(W, 2?) of X. Here we use notation in Definition 14.11 If r(/C) < n — 3, then by above we see 
that k(Kx + (n — 3)£) > 0. (Here t(/C) denotes the nef value of K,.) So we may assume that 
t(/C) >n-3. 

Here we consider the case of n — 4. In this case and are Gorenstein (see [H Proposition 
7.5.6 and 7.5.7 Definition-Notation]). Then by the proof of [111 Section 4] we see that (W, JC) or M" 
is one of the types in [11] (4.oo)]. If (W, /C) or Af* is either (4.2), (4.4.0), (4.4.1), (4.4.2), (4.6.0.0), 
(4.6.0.1.0), (4.6.0.2.1), (4.6.1), (4.7) or (4.8.0) in [TO (4.oo)], then we see that k(K x + £) = -oo. 

Assume that (W,/C) is the type (4.4.4) in [TTJ (4.oo)]. Then we note that r(/C) = 3 and there 
exist a normal Gorenstein projective variety Wi , an ample line bundle /C2 on VL2 and a birational 
morphism /1 : W — > W2 such that fj, is the simultaneous contraction to distinct smooth points of 
divisors E t = P 3 such that E t C reg(VF), 2^,1^ S O p3 (-l), 2f w + 3/C = M*(^W 2 + 3£ 2 ) and 
2Tvk 2 + 3/C2 is ample, that is, t(/ 1 C2) < 3. Moreover we infer that W2 has the same singularities 
as W by above. Since Ei C reg(W / ), we have ip~ 1 (Ei) = E.- L by the definition of tp. Hence there 
exist a normal Gorenstein projective variety W\ and birational mor phisms /J : Af' — > W\ and 
0" : W\ — > W2 such that /ioi/i = ^ o ^. We note that /j' : Af" — > w| is the contraction of 
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tp 1 {E i ) and W\ has the same singularities as MK (^,£2) is a reduction of (W,JC) and is called 
the 2± reduction of(W, K) in [3, (2.2) Theorem-Definition]. We also note that h j (O x ) = h ] (0 M ) = 
hP{O w ) = ti{Ow 2 ) = hi(0 Mt ) = h j (O wi ). For this ^ : w\ -> W 2 and (W 2 ,£ 2 ), we can apply 
the same argument as in [TTJ Section 4]. If r(/C 2 ) < 1, then we can prove that n(Kx + C) > 0. 
So we assume that r(/C 2 ) > 1. Then (W 2 ,/C 2 ) is either (4.6.0.0), (4.6.0.1.0), (4.6.0.2.1), (4.6.1), 
(4.6.4), (4.7) or (4.8.0) in [TQ (4.oo)]. 

If (W 2 ,/C 2 ) is either (4.6.0.0), (4.6.0.1.0), (4.6.0.2.1), (4.6.1), (4.7) or (4.8.0) in [IS (4.oo)], then 
we see that k(K x + C) = — oo. 

If (W<2,/C 2 ) is the type (4.6.4) in [Til (4-oo)], then by the same argument as in [TTJ Section 4] 
we see that there exist a normal Gorenstein projective variety W3, an ample line bundle JC3 on 
W3 and a birational morphism /i 2 : W2 — > W3 such that W3 has the same singularities as W2, 
Kw 2 + 2/C2 = (j^{Kw 3 + 2/C3) and ifw 3 + 2/C3 is ample, that is, t(Kz) < 2. Here we note that 
k(K x + £) = k(Kw 2 + ^2) = k(Kw 3 + /C 3 ). 

If t(/C 3 ) < 1, then k(X x + £) = k(^w 3 + £3) > 0. 

If r(/Ca) > 1, then (W^, £3) is either (4.7) or (4.8.0) in [TTJ (4.cx))]by the same argument as in 
[TTJ Section 4] and we have n{Kx + C) = n(K\y 3 + £3) = —00. 

By the above argument, we get the following: 

Theorem 4.2 Let (X,£) be a polarized manifold of dimension n = 4. 

(1) k(Kx + £) > if and on^ i/ f/iere exist a normal Gorenstein projective variety W3 with 
only isolated terminal singularities, an ample line bundle H3 on W3, and a birational morphism 
$ : X -> W 3 smc/i </iat t(H 3 ) < 1 and h°(2m(K x + £)) = h Q (m(K W3 + H 3 )) for every positive 
integer m. 

(2) k(Kx + C) — — oo if and only if (X, C) satisfies one of the following: 

(2.1) (X,C) ^ either (1), (2), (3), (4), (5), (6), (7.1), (7.5), (7.6), (7.7) or (7.8) in Theorem]^ 

(2.2) There exist a normal projective variety W3 with only isolated terminal singularities, an ample 
line bundle I-L3 on W3, and a birational morphism $ : X —t W3 such that {W^^T-L^) is either 
(4.2), (4.4.0), (4.4.1), (4.4.2), (4.6.0.0), (4.6.0.1.0), (4.6.0.2.1), (4.6.1), (4.7) or (4.8.0) in [HJ 
(4.oo)]. 

By Theorems 13.21 [3751 13.41 13.61 and 14.21 we get Theorem [JJ in the Introduction. As a corollary, 
we have the following. 

Corollary 4.1 TO4(SM) < 6. Here the assumption (SM) is the following. 
(SM): X is smooth. 
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